Much progress has been made in the research of synchronization for chaotic real or complex nonlinear systems. In this paper we introduce a new type of synchronization which can be studied only for chaotic complex nonlinear systems. This type of synchronization may be called complex lag synchronization (CLS). A definition of CLS is introduced and investigated for two identical chaotic complex nonlinear systems. Based on Lyapunov function a scheme is designed to achieve CLS of chaotic attractors of these systems. 
Introduction
Since Pecora and Carroll realized synchronization between two chaotic systems in 1990 [1] , chaos synchronization has been widely explored and studied because of its potential applications in chemical reactions, biological systems, plasma technology, secure communication, and so on. Because the synchronization phenomenon is very interesting and important, a lot of work has been devoted to study it with real variables [1] [2] [3] [4] [5] [6] [7] [8] . There are however, good reasons why one should also study complex dynamical systems. These systems appear in many important applications in engineering, for example, in communications where doubling the number of variables may be used to increase the content and security of the transmitted information. They are also used to describe and simulate the physics of detuned lasers and thermal convection of liquid flows [9] [10] [11] [12] [13] .
Recently, many complex dynamical systems have been proposed and studied [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . The complex Lorenz equation is introduced in [9] and some of its dynamical properties are studied in [10] . Complex Chen and Lü systems are introduced and the global synchronization of coupled identical systems is well investigated in [11] . Chaos synchronization of two different complex Chen and Lü systems is investigated in [12] . The complete synchronization (CS) of two identical chaotic and hyperchaotic complex systems with certain parameters is studied in [13] . Lag synchronization (LS), anti lag synchronization (ALS) and modified projective lag synchronization (MPLS) of two chaotic or hyperchaotic complex systems are discussed in [14] [15] [16] [17] . In engineering applications, time delay always exists. For example, in the telephone communication system, the voice one hears on the receiver side at time is the voice from the transmitter side at time − τ (τ 0 and it is the lag time). There also exists time lag as the signal transmitted from the transmitter to the receiver end in chaos-communication [14, 15] .
All the above synchronization approaches can be applied to real or complex dynamical systems. More recently however, some new kinds of synchronization have been proposed exclusively for complex dynamical systems such as, for example, module-phase synchronization [20] , complex projective synchronization (CPS) [21] , complex complete synchronization (CCS) [22] and complex modified projective synchronization (CMPS) [23] . These techniques were investigated for several examples of chaotic and hyperchaotic complex nonlinear systems, seeking to synchronize both the modulus and phase of their oscillations [20] [21] [22] [23] .
The motivation of this paper is to study a new type of synchronization which we call complex lag synchronization (CLS). This type of synchronization can be discussed for chaotic and hyperchaotic complex nonlinear systems only. The concept of CLS can be considered as synchronizing between ALS [15] and LS [14] . ALS occurs between the real part of the slave system and the imaginary part of the master system, while LS achieves between the real part of the master system and the imaginary part of the slave system. The organization of this paper is as follows: Section 2 presents the description of the chaotic complex nonlinear systems. The design of the proposed scheme to achieve CLS of chaotic complex nonlinear systems is stated in Section 3. In Section 4 we study CLS of two identical chaotic complex Chen systems as an example for Section 3. Finally, the main conclusions of our investigations are summarized in Section 5.
The chaotic complex nonlinear systems
A dynamical system is called chaotic if it is deterministic, has long-term aperiodic behavior, and exhibits sensitive dependence on the initial conditions. If the system has one positive Lyapunov exponent then the system is called chaotic [11] . It is well known that the chaotic complex nonlinear systems have played an important role in many branches of physics, especially for chaos-communication, where the complex variables (doubling the number of variables) increase the contents and security of the transmitted information. The main idea of chaos communication is to utilize the chaotic signals as carriers for information transmission, and at the receiver end chaos synchronization is employed to recover the information signal. Hence, the synchronization of complex chaotic systems has attracted great attention in the last few decades [9, 11] . Consider the chaotic complex nonlinear system as follows:
where
T is a vector of nonlinear complex functions, : × R −→ R is a real nonlinear function, ∈ R, an overbar denotes complex conjugate variables and superscripts and stand for the real and imaginary parts of the state complex vector x. In this paper we introduce and study the definition of CLS of two systems of the form (1) (identical) with known parameters by designing a control scheme. We tested its validity numerically.
Remark 1.
Most of chaotic complex system can be described by (1), such as complex Chen, Lorenz and Lü systems [9] [10] [11] [12] [13] . In order to show the results of the control scheme of two identical systems of the form (1) we choose, as an example, the chaotic complex Chen system which has been introduced and studied recently in our work [11] . The chaotic complex Chen system is: It is interesting to note that the (positive) Lyapunov exponent for the complex Chen system is λ 1 = 1 29 [11] . For more dynamical properties about these systems, see Ref. [11] .
A scheme to achieve CLS
We consider two identical chaotic complex nonlinear systems of the form (1), which are partially linear systems and coupled through one real variable [21, 24] as:
where the additive complex controller Θ=(
T . We denote the master system with the subscript and the controlled slave system with subscript . 4 2
Definition 2.

Two coupled complex dynamical systems in a master-slave configuration can exhibit CLS if there exists a vector of the complex error function e define such as:
e = e + e = lim −→∞ x ( ) − x ( − τ) = 0() T = x ( ) − x ( − τ) = 0.
Remark 3.
The sum of the imaginary part of master system with time lag x ( − τ) and the real part of slave system x ( ) is vanishing when −→ ∞ (ALS) [15] .
Remark 4.
The error between the imaginary part of slave system y ( ) and the real part of master system x ( − τ) goes to zero as −→ ∞ (LS) [14] .
Remark 5.
The difference between CLS and LS can be illustrated from: Complex Lag Synchronization (CLS) In CLS we define the error in simple case:
Lag Synchronization (LS) In LS the error in simple case:
Remark 6.
From remarks 2, 3, 4 CLS combines between ALS and LS. ALS occurs between the real part of the slave system and the imaginary part of the master system, while LS achieves between the real part of the master system and the imaginary part of the slave system. But in LS the synchronization occurs between the real (or imaginary) part of the slave system and the real (or imaginary) part of the master system.
Remark 7.
In complex state:
where ρ = | | = 1 (ρ is the modulus of ) and θ = π 2 (θ is the phase of ).
Remark 8.
The problem of CLS can be changed to complex complete synchronization (CCS) problem when τ = 0 in system (5) [22] .
Theorem 1.
If nonlinear controller is designed as:
then the slave system (4) 
synchronize the master system (3) asymptotically under the conditions of CLS, where ξ > 0
Proof. From the definition of CLS:
and from chaotic complex systems (3) and (4), we get the error complex dynamical system as follows:
By separating the real and the imaginary parts in Eq. (10), the error complex system is written as:
For positive parameters, we may now define a Lyapunov function for this system by the following positive definite quantity:
Note now that the total time derivative of V ( ) along the trajectory of the error system (11) is as follows:
By substituting from Eq. (7) about Θ Θ in Eq. (13) we obtain:V
= −ξ
It is clear that V ( ) is a positive definite function and its derivative is negative definite, thus according to the Lyapunov theory, the complex error system (10) is asymptotically stable, which means that 2 → 0
. So, the CLS between systems (3) and (4) is achieved. This completes the proof.
Finally, our scheme is illustrated by applying it for two identical chaotic complex Chen systems in Section 4.
Example
In this section, in order to verify the feasibility and effectiveness of the proposed synchronization scheme in Section 3, we investigate the CLS of two identical chaotic complex Chen systems. The master and the slave systems are thus defined, respectively, as follows:
where = 1 + 2 = 3 + 4 , = 5 , = 1 + 2 = 3 + 4 , "overbar" denotes complex conjugation, Θ 1 = ζ 1 + ζ 2 , Θ 2 = ζ 3 + ζ 4 are complex control functions, respectively, which are to be determined. The complex systems (15) and (16) can be formed respectively as:
and
So, by comparing the complex systems (17) and (18) with the form of systems (3) and (4) respectively we find:
According to Theorem 1, the controller is computed as: (19) can be written as:
Numerical results
Now, we discuss the simulation results of the CLS between two identical chaotic complex Chen systems. Systems (15) and (16) T and ξ = 10 The solutions of (15) and (16) are displayed in Figure 1 subject to different initial conditions and show that LS is achieved in Figure 1a ,c while ALS is indeed achieved after a very small interval in time in Figure 1b . It can be seen that the CLS errors converge to zero, as expected from the above analytical considerations. In the numerical simulations, we calculate the modulus and phase errors of master and slave systems, respectively. For any complex number = + , the modulus ρ and phase θ are calculated as follows [22, 23] :
and Figure 3 shows the modulus and phases errors of the master system (15) and slave systems (16) with ρ = 1 
Conclusions
This paper characterized by a new type of synchronization which called complex lag synchronization CLS. This type of synchronization can be studied only on complex nonlinear systems. A definition of CLS of two identical chaotic complex systems is given. This new type of synchronization can be considered as syncretizing between LS and ALS. LS achieves between the real part of the master system and the imaginary part of the slave system, while ALS occurs between the real part of the slave system and the imaginary part of the master system (see Figure 1) . A scheme is designed to achieve CLS of two identical chaotic complex nonlinear systems based on Lyapunov functions. We applied this scheme, as an example, to study CLS of two identical chaotic complex Chen systems.
